To date most sonars use narrow band pulses and often only the echo envelope is used for object detection and classification. This paper considers the advantages afforded by bio-inspired sonar for object identification and classification through the analysis and the understanding of the broadband echo structure. Using the biomimetic dolphin based sonar system in conjunction with bio-inspired pulses developed from observations of bottlenose dolphins performing object identification tasks, results are presented from experiments carried out in a wave tank and harbor. In these experiments responses of various targets to two different bio-inspired signals are measured and analyzed. The differences in response demonstrate the strong dependency between signal design and echo interpretation. In the simulations and empirical data, the resonance phenomena of these targets cause strong notches and peaks in the echo spectra. With precision in the localization of these peaks and dips of around 1 kHz, the locations are very stable for broadside insonification of the targets and they can be used as features for classification. This leads to the proposal of a broadband classifier which operates by extracting the notch positions in the target echo spectra.
I. INTRODUCTION
In recent years improvements in the quality of sidescan sonar imagery accompanied by major advances in imagebased classification techniques have led to considerably better performance in automated target detection and identification. [1] [2] [3] [4] [5] [6] Correct classification rates in excess of 90% can be achieved using advanced techniques such as multiclassifier fusion. [7] [8] [9] [10] To improve further on these results, the main research focus is shifting toward ever higher resolution systems, such as synthetic aperture sonar, requiring more complex hardware and platforms. Broadband sonar offers an alternative low-cost route to classification with the potential to exceed the performance of current sidescan and forwardlook solutions through consideration of target responses over a wide range of frequencies.
The natural resonances of targets influence the broadband echo and have been identified as valuable candidates for classification purposes. 11 Significant research on broadband classification is found in the fisheries domain for the identification of species from acoustic backscatter responses. [12] [13] [14] In this paper we are interested in the application of broadband sonar to the classification of fabricated targets and in relating echo responses to physical properties of the targets.
The excellent acoustic target detection and identification capabilities of the bottlenose dolphin ͑Tursiops truncatus͒ are well documented. 15 Dolphins consistently outperform fabricated systems, especially in complex acoustic environments such as shallow water or over cluttered seabeds. Working in these difficult environments the clicks and patterns of interpretation used must be robust to noise and reverberation noise in particular. Compared to conventional narrowband sonar, wideband dolphinlike signals are expected to provide some improvement through pulse compression, and for certain difficult maritime targets have been shown to provide improved detection ranges. 11, 16 Recognition is a more complex task, and research has shown that dolphins can learn to distinguish objects' shapes, materials, and contents acoustically. 17 Even though the interpretation and identification requires complex analysis, this shows that the information hidden in the return signal contains target parameters that are useful for classification purposes. In Sec. II we introduce necessary background on the physics of acoustic scattering for cylindrical shells. Analytic solutions for broadband pulses are provided and differences between models for the echo structure for low impedance and high impedance materials are discussed. To mitigate computation demands, an important step in our calculations is the specification of a truncated sum for the form function f ϱ . The form function f ϱ represents the frequency response of the target in the far field. A full justification for this approximation is given in an appendix.
For more complex targets the theoretical analysis becomes intractable. Section III shows that a numerical approach using a finite difference time domain ͑FDTD͒ simu-lator can provide a good alternative solution to analytic computation, with excellent agreement between theoretical and numerical models.
Section IV introduces empirical data gathered using the biomimetic dolphin based sonar ͑DBS͒ system. We investigate the impact on the echo structure of different bio-inspired pulses and compare analytic solutions, numerical models, and experimental results from the Heriot-Watt University test tank and a working harbor environment.
In Sec. V a novel classifier is proposed based on features of the echo spectra, which are dependent on the inner resonances of the objects under broadside insonification. Experimental results are presented for five different targets. We show that even with pulses covering the same nominal bandwidth, there are strong variations in performance, with some producing better results than others in terms of discrimination potential. The generally high performance of this simple classifier supports the hypothesis that object resonances do offer good features for classification.
II. THEORETICAL BACKGROUND
To aid understanding of the processes of echo formation in different sorts of targets, this section provides a brief discussion of the physics underlying acoustic backscattering from cylindrical shells, paying particular attention to the influence of different materials. In relation to broadband classification, the aim is to link interferences in the echo spectra to the shape and material properties of the insonified targets.
A. Calculation of the form function
An analytic solution for the pressure field scattered by simple shaped objects can be computed using a decomposition in modes. The case of the elastic cylindrical shell involves solving the system of equations by Cramer's rules, with the exact solution for an infinite cylindrical shell proposed by Doolittle. 18 This resolution comes from a modal decomposition, and in the case of far field backscatter we derive
Note that r represents the distance from the center of the cylinder to the receiver and k is the wavenumber. The form function f ϱ is given by ͚ n=0 ϱ ͑−1͒ n ⑀ n b n , where b n is the solution of a system of equations and is determined by the ratio of two 6 ϫ 6 determinants as suggested by Cramer. b n is a function of the density and the compressional velocity of the two fluids inside and outside the cylinder, the dimensions a and b ͑outer and inner diameters, respectively͒, the density, and the acoustic properties ͑c l and c s ͒ of the cylinder material. As a result the form function f ϱ is a function of the frequency, the dimensions of the cylinder, and its acoustic properties. To be more precise, the form function has the dependencies f ϱ ͑ka , k L , k T , a , b͒, where k =2f / c water , k L =2f / c l , and k T =2f / c s . So for a given cylinder where dimensions and material are fixed, f ϱ is reduced to a function of the frequency alone. It is this dependency we will study in Secs. III-V.
In our computation f ϱ is approximated by the truncated sum ͚ n=0 N ͑−1͒ n ⑀ n b n with ka Ͻ N / 2. A justification of this approximation is given in the Appendix.
These results are defined for an incoming plane monochromatic sound wave. However an extension for any incoming pulse g i ͑t͒ was proposed by Hickling. 19 This is a linear system resulting in the frequency representation of the echo g s ͑͒ given in Eq. ͑2͒
with = ͑ct − r / a͒. The theoretical echo in the time domain results from inverting this expression through the inverse Fourier transform.
B. Theoretical predictions
We use the theoretical results from Sec. II A to calculate predicted echoes for two cylinders: a PVC tube and a steel pipe. The cylinder parameters are taken from two real targets we have used extensively in experiments with the DBS ͑see Sec. IV B͒. Stanton has proposed some approximations derived from the ideal case to extend the formulae to finite and deformed cylinders. 20 For the current case, finite straight cylinders, only a multiplicative factor depending on the length is required. The form function f ϱ does not change as long as the angle of incidence stays close to normal.
Required parameters for the two cylinders and for a thin walled aluminum bottle used in some of the later experiments can be found in Table I . Figure 1 displays the form functions ͉f ϱ ͉ for the cylinders. We estimate from empirical data that the peak target strength of the steel pipe is approximately 1.6 dB above the target strength of the polyvinyl chloride ͑PVC͒ tube. The theoretical computation gives a difference of 2 dBϮ 1 dB in the range of 90-110 kHz, validating the measurement. An important point here is that at high frequencies ͑80-130 kHz͒, the peak values of ͉f ϱ ͉ for both materials are very similar. Conversely, at lower frequencies ͑30-80 kHz͒, the peaks are separated by a mean of 4.5 dB.
C. Echo structure modeling
The background acoustics theory presented in Sec. II A provides the basis for our target echo comparisons. For conventional narrowband sonar we would wish to avoid regions of the spectrum with strong oscillations in the form function since these could adversely affect detection of some objects. In the wideband case the oscillations will form the basis for classification and we target higher ka-values. Considering a bandwidth from 60 to 130 kHz, with principal target dimensions of typically 10-20 cm, the investigation covers frequencies defined by the range ka from 10 to 50, where k is the wavenumber associated with wavelength and a is a key target dimension, e.g., radius for a cylinder. For these targets and frequency range, the resonance scattering theory predicts the presence of strong peaks and notches in the echo spectra. [22] [23] [24] The notches arise from interferences due to the integration in time of the different echoes. The first major contribution comes from the direct reflection and is called the specular echo. We are interested here in the time delay between the specular echo and large secondary echoes, since these time delays will determine the principal notch spacings.
Echo structure for cylindrical shell with low impedance material
Under the assumption that the first two major contributions to the echo are primarily due to reflections from the front and back walls of the PVC cylinder, the expected time spacing is approximated by
where ␦ is the thickness of the wall, c cyl the sound speed in the cylinder material, and b is the inner diameter.
This assumption is built on the observation that the tube wall is thin ͑b / a Ϸ 0.96͒, and the water/PVC impedance mismatch is small in comparison with metal. This allows acoustic transmission into the interior of the cylinder and the timing between the main echoes is expected to give a good approximation to the internal diameter ͑b Ϸ c / 2͒. Numerical simulation sheds more light on the processes of echo formation and allows us to develop a more accurate approximation based on an analogy with geometrical optics ͑see Sec. III B͒.
Echo structure for cylindrical shell with high impedance material
In this case a purely geometrical interpretation of sound reflection cannot explain the echo structure, but the backscattering from the steel pipe can be predicted thanks to a generalization of the geometrical theory of diffraction ͑GTD͒. 25, 26 Apart from the specular echo the return is mainly composed, at the frequencies of interest, by the asymmetrical A 0 and symmetrical S 0 Lamb waves. These are plate waves traveling around the wall of the cylinder and expressions for their phase velocities are given in Ref. 27 . The group velocities can be derived directly from these expressions.
28 Figure  2 plots the phase and group velocities matched to the thickness of the steel pipe.
According to the GTD, these plate waves are excited in the cylindrical shell close to the critical angle c , which refers to the relation
where c plate is the Lamb wave group velocity.
So the time delays between the specular echo and the Lamb waves can be evaluated by
͑5͒
The first term corresponds to the time difference between the specular reflection and the wavefront reaching the shell cyl- inder at the critical angle. The second term gives the time for the plate wave to go once around the cylinder and be diffracted again at − c ͑cf. Fig. 3͒ . Because of the range of frequencies we are working with ͑the majority of energy is condensed in the band 50-100 kHz͒, the group velocity of the Lamb wave is stable ͑less than 8% variation for both Lamb waves, cf. Fig. 2͒ . This means that the propagation is relatively non-dispersive, and the chirp rate and chirp duration for the secondary echoes are well preserved.
III. NUMERICAL SIMULATION
For more complex targets the theoretical analysis becomes intractable. In this section we demonstrate a numerical approach using a FDTD simulator, which provides a full wave equation solution as an alternative to analytic computation. The numerical model can also give new insights into the processes of echo formation to inform the development of new analytic solutions. Supported by simulations using FDTD, we propose a new model for the cylindrical shell with low impedance material based on an analogy with optical geometry.
A. Numerical approach: FDTD simulator
The FDTD method solves the elastic wave equation by discretization of the time-space domain. 29 This method takes into account the shear velocity within a solid object and so is able to model target resonances. 30 For an idealized infinite cylindrical shell, simulations can be run in two dimensions. Visualized as a circular cross section, these provide a good approximation to the behavior of the finite cylinder at broadside incidence. Figure 4 provides a snapshot of the backpropagation of the simulated acoustic wave 1.1 ms after its interaction with the PVC tube, which is situated to the right of the image. The transmit signal is a linear chirp traversing 80-130 kHz over 0.06 ms. The simulated echo, traveling right to left, has the following structure in time: first, there is a large reflection from the front of the tube, followed at a distance corresponding to approximately twice the diameter by a reflection from the rear wall. Then we see a dense tail related to strong resonances inside the tube.
The influence of the inner resonances on the power spectrum is illustrated in Fig. 5 . This shows the power spectrum calculated at the center of the modeled cylindrical shell for the numerical and theoretical approaches. The numerical spectrum is calculated using a 0.7 ms integration time from first arrival of the pulse. The theoretical spectrum has been adjusted according to spectral content of the transmit pulse. There is a high degree of concordance between the two with excellent agreement and colocation of peaks and troughs over the entire frequency range. This close agreement with the theoretical results for simple forms gives good confidence for the future value of numerical methods in estimating echoes from more complex targets.
B. Analogy with geometrical optics
For the PVC tube target, the simulator can also confirm that the first two main echo components are formed predominantly by reflections from the front and back of the cylinder. Figure 6 shows the interaction between the acoustic wave and the PVC tube and the formation of the echo structure. The incoming wave is seen passing beyond the cylinder to the right. The formation of the main echo fronts can be seen. The first, having reflected from the front face, is just approaching the left side of the image. The second is still forming within the pipe. The two echoes are cylindrical waves and the centers of these waves can be computed. The center of the first echo is situated at ϳ50 mm to the left of the cylinder center. The source of the second echo is ϳ45 mm to the right of the cylinder center.
These observations can be understood using a spherical mirror analogy from geometrical optics. In the case of reflec- tion at a spherical mirror the source image can be found using the formula given in Eq. ͑6͒. The notation is explained in Fig. 7 with reference to a concave mirror. C represents the center of the sphere, A is the source, and AЈ is the source image. Note that the formula is also valid for a convex mirror.
The argument readily generalizes to the current case of a section through a cylinder with the images denoting line sources perpendicular to the plane of the page. We denote A 1 as the center of the first echo, corresponding to the reflection with a convex mirror of 170 mm diameter, and A 2 as the center of the second echo corresponding to the reflection with a concave mirror of 164 mm diameter. The dimensions of the mirrors correspond to the dimensions of the cylinder. The values for CA 1 and CA 2 obtained using the acoustic response were given previously and were Ϫ50 and +45 mm, respectively. Using the optical equation Eq. ͑6͒ the source image locations CA 1 and CA 2 are Ϫ47 and +42 mm, respectively. The agreement between the results reinforces the assumption that the two first echoes are primarily due to reflections from the front and the back of the PVC tube.
IV. EXPERIMENTAL METHOD
The experimental program has been conducted using the biomimetic DBS developed jointly by the SPAWAR Systems Center, San Diego ͑SSC-SD͒ and the Applied Research Laboratory at the University of Texas ͑ARL-UT͒. The DBS has been designed to mimic both auditory and sound generation systems of the bottlenose dolphin with similar frequency bandwidths and sonar beamwidths. 31 The projector and paired laterally positioned receivers are constructed from 1-3 piezocomposite transducer material. The DBS sensitivity gives a Ϫ3 dB bandwidth of approximately 60-130 kHz, and it is capable of delivering a series of arbitrary waveforms within this range. The transducers are mounted on a pan-andtilt unit, allowing a mechanical scan of the area.
A. Signal design
A click taxonomy for dolphins has identified several click types based on distributions in two main spectral regions, one at low frequency ͑Ͻ70 kHz͒ and the other at higher frequency ͑Ͼ70 kHz͒. 32 In an earlier paper we reported on a model for construction of biomimetic dolphinlike pulses from double down-chirp components, overlapping in both the time and frequency domains. 33 An interesting parallel can be drawn with pulses used by the echolocating big brown bat (Eptesicus fuscus). Similar time-frequency analyses have indicated that these signals are made up of three or four distinct downchirp components. 34, 35 Demands on transducer and processing hardware are mitigated to some degree by making the pulses around 50% longer than natural dolphin signals, with a time duration of 120 s. The pulses cover a similar bandwidth to natural dolphin clicks ͑30-130 kHz͒ and the two downchirp components, each bounded by a Gaussian time window of 6 = 100 s, are separated by 20 s. Following from analyses of clicks emitted by real dolphins performing target detection and localization tasks, the higher frequency chirp is always delayed relative to the lower frequency one. The only difference between the pulses is the bandwidth covered by the individual chirp components. Note that the given Ϫ3 dB bandwidth of the DBS indicates reduced energy in the low frequency band ͑30-60 kHz͒ compared to dolphins' sonar.
In total six biomimetic pulses have been designed and named DCn, where n varies from 1 to 6. All the pulses are based on the same model described earlier, and they only vary in the chirp rate ͑increasing linearly from DC1 to DC6͒. For the current work we have selected two of these pulses for comparison: DC1 and DC6. Their parameters are given in Table II .
The time signals and power spectra for DC1 and DC6 are displayed in Fig. 8 . Note that for signal DC1 the two chirps have relatively high rates and are significantly overlapping. This pulse would be classified unimodal high frequency ͑type D͒ in the Houser taxonomy. 32 In DC6 the two chirp components are well separated and the frequency distribution is clearly bimodal, designated as type C.
B. Tank experiments
Several tank experiments have been performed using the DBS with the synthetic dolphinlike pulses described above. These tests used the wave tank at Heriot-Watt University, which measures 12ϫ 10ϫ 4 m 3 deep and is concrete lined. We are especially interested in the detailed spectral echo structures elicited using wideband pulses for discrimination purposes. The targets of interest here are the open-ended cylinders used for building the analytic and numerical models in Secs. II and III. As previously noted, these objects have similar target strengths ͑e.g., 1.6 dB difference at 100 kHz͒ and similar dimensions ͑only 2 mm difference between the outer diameters, cf. Table I͒ , making them very difficult to distinguish in intensity only data. However, they are made of different materials ͑steel and PVC͒ and, according to the models, are expected to have sufficiently different wideband echo structures for discrimination purposes.
The targets' responses were measured under identical conditions situated 8.90 m from the head of the DBS on the bottom of the test tank. In addition to the cylinder echoes the received signals contain significant reverberation returns from the surface water-air interface and from the tank floor.
Time-frequency observations and echo timings
Time-frequency representations offer a richer description for understanding echo phenomena than either time or frequency measures alone. Figure 9 displays spectrograms of the echoes from both tubes with signals DC1 and DC6. The spectrograms are computed with a Gaussian sliding window ͑6 = 100 s͒. The unimodal and bimodal characteristics of the transmit pulses can be seen in the horizontal banding in the reverberation returns.
Comparing the PVC tube returns for both transmit signals, similar gross echo structures are seen. A first main echo front ͑specular echo͒ is followed by a second large reflection. In this case the second echo corresponds to the reflection of the sound wave from the back of the cylinder. The second strong echo is followed by a "noisy" tail decreasing in amplitude over some 0.8 ms. Note that a similar pattern has been observed in the simulated echo in Sec. III A. This general structure is characteristic over all of the transmit signals used during experimentation.
Values for the inter-arrival times for the first two echo fronts in each case have been evaluated theoretically ͑cf. Eq. ͑3͒͒ and by empirical measurement as 221.2 s and 220.8 s. These have been estimated from peaks in the matched filter returns for signal DC1, which has better pulse compression properties then DC6. In both cases the diameter of the PVC tube is estimated with a precision better than 1 mm ͑Ͻ1% error͒.
For the steel pipe target, time delays relative to the S 0 wave have been computed theoretically ͑cf. Eq. ͑5͒͒ and empirically as 100.6 s and 103.1 s. For the A 0 wave the results are 153.3 s and 152.4 s. The theoretical time delays have been computed at 100 kHz. Once again the empirical time delays have been estimated from peaks in the matched filter returns for signal DC1.
Spectral matching
Time-frequency representation is highly sensitive to the choice of windowing function and the selection made to provide sufficient resolution in echo timings above, loses oscillatory behavior in the spectrum. To regain this, the spectra must be calculated with a long enough window to integrate all of the key target echoes. Figure 10 shows the power spectral matching between the recorded echoes and the theoretical computations using a 0.6 ms Gaussian window ͑long enough to include the main target echoes͒. The theoretical curves have been adjusted for the DBS transmitter and receiver sensitivities.
Despite the noted differences in scattering physics for the two targets, the responses match well with theoretical predictions. Both targets provide evidence of oscillatory behavior through the ka band from 10 to 50, indicating good discrimination potential from the wideband DBS responses. An indication of how well the curves match is given by colocation of the extrema, both maxima and minima, for each of the curves. Looking first at the PVC tube response, between 80 and 130 kHz the maximum discrepancy in position for the peaks and troughs between the theoretical and empirical curves is approximately 1 kHz. The mean error is less than 0.1 kHz with variance of Ϸ0.5 kHz.
The heavily peaked form function for the PVC cylinder allows us to estimate parameters from the backscatter response curve in Fig. 10͑b͒ . The spectral notches are the strongest features and are the easiest to localize. An important consideration for discrimination of like targets is to relate the accuracy with which peak and notch positions can be determined to tolerances on physical parameters which influence the form function f ϱ . Processing the DBS returns with a time window Ն1 ms duration, we can readily measure spectral features with a precision of around 1 kHz. It is then possible to compute for tolerances on various physical parameters, which will keep the key resonance features within Ϯ1 kHz of the theoretical predictions for the exemplar target. The results are reported in Table III .
These values give an indication of the accuracy that can be achieved in parameter estimation given certain prior assumptions, such as possible target shape, size, and material properties. Under the assumption of a cylindrical target, we can begin to extract size information from the wideband spectral response by relating the notch spacing ⌬f in the form function ͉f ϱ ͉ to the time spacing ⌬t between the two main echoes through the relation ⌬f⌬t =1. 36 In the case of the PVC tube we find a value of ⌬f = 4.5 kHz. The corresponding time spacing ⌬t PVC is 222 s, equating to a cylinder diameter ͑cf. Eq. ͑3͒͒ of 166 mm. These results are in line with expectations from the timing information given in Sec. IV B 1.
Note that the oscillations for the steel pipe are expected to be deeper over the bandwidth of 40-80 kHz, facilitating feature extraction and improving accuracy.
C. Noisy environment: Small cylinder responses in a harbor setting
The harbor experiments were carried out at Port Edgar, a working harbor and marina on the Forth Estuary near Edinburgh. This is a tidal site with a cluttered muddy seabed and shallow water, varying between 2 and 8 m in depth. In these experiments, the target under consideration is a one liter capacity aluminum bottle filled with seawater. The relevant target parameters concerning the aluminum bottle can be found in Table. I. The DBS was secured to a pontoon facing the target at 20 m range. The platform supporting the DBS was stable enough to ignore any Doppler effect. Even considering a 1 m s −1 velocity of the sonar relative to the target, and the smallest wavelength supported by the DBS ͑1.25 cm at 120 kHz͒, the maximum shift in frequency will be 80 Hz, which is far below the 1 kHz precision of the sensor. In this sense, Doppler effects will not adversely affect the localization of notches in the echo spectra of the target. Both sonar and target were 1 m below the surface, and the depth of the water at the time of the experiment was 3 m. In addition to the shallow water setting, acoustic target detection and identification are made more difficult by the movement of boats, dredging and piling activity in the estuary, and with the influence of waves and prevailing weather conditions. The figures in Table III show that even small changes in target parameters will modify the locations of the features we wish to use for classification. The current section demonstrates that it is still possible to extract these features even for a small target in a noisy shallow water environment and at ranges not achievable in the test tank.
Following our previous methodology, we model the aluminum bottle using a simplified, infinite cylindrical shell approximation. Given the short length of the cylinder ͑200 mm͒, artifacts from the bottle end caps and the low signalto-noise ratio ͑SNR͒, we cannot expect to achieve the same degree of correspondence between theoretical and empirical data as in the tank tests. However, the comparison between the model predictions and the measured response ͑Fig. 11͒ does show good agreement in principal peak and notch positions. For this target/environment combination, pulse DC1 gives consistently better results than DC6. A discussion of the influence of noise and required SNR for classification follows in Sec. V A.
V. CLASSIFICATION
The models and empirical data presented above show that echoes from targets producing multiple returns are characterized by interferences in the spectra. For certain targets we can relate features of the spectra, particularly notch locations and spacings, to specific physical properties. In this section we propose a new metric for the classification of broadband echoes based on the localization of the interference notches. 
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FIG. 11. ͑Color online͒ Matching between the theoretical and empirical DBS echoes power spectra for the aluminum bottle with ͑a͒ DC1 pulse and ͑b͒ DC6 pulse. The empirical spectrum has been computed using a single echo of the bottle.
Let F be the spectrum of the broadband echo. Let ͕ i ͖ i͓1,N͔ be the location in frequency of the notches of F. To F we associate ⌬F such that
where ␦ represents the Dirac function and G is the centered Gauss function with a variance of . Given the capability of the sonar, we choose the value of parameter to match the 1 kHz precision we wish to achieve in notch location. The associated function ⌬F is an irregular Gaussian comb where the peaks represent the notch locations.
In this space we define the Euclidian distance between two elements ⌬F and ⌬G as
Classification using the distance metric has been tested using the PVC ͑tube͒ and steel ͑pipe͒ cylinders along with three other targets: an 800 mm long aluminum conical shell ͑cone͒ with diameter reducing from 500 to 20 mm along its length, a solid aluminum nose cone ͑rocket head͒ 200ϫ 120 mm 2 ͑heightϫ diameter͒, and a non-resonant concrete brick measuring 200ϫ 100ϫ 50 mm 3 . The cone and the brick have been insonifed with two different orientations: vertical and tilted 8°for the cone, and lengthways and widthways for the brick. As before the targets were placed on the tank floor approximately 8.90 m from the center of the DBS array. Although the tank floor is relatively flat compared to the minimum wavelength, the reverberation introduces coherent noise in the data. Each target has been insonified 21 times with head angle varying from Ϫ10°to +10°in 2°intervals.
The echo corresponding to the target is extracted from each record, and the power spectrum is computed. The notches corresponding to local minima within a 2 kHz wide sliding window are extracted in the 60-130 kHz band, which corresponds to the most significant frequencies of the DBS. The 2 kHz sliding window just ensures that the notches do not overlap in the computation of the ⌬F function. From the location of the notches, the ⌬F function is computed using Eq. ͑7͒ for each echo spectrum. In order to classify the targets one reference ⌬F ref is needed for each target. For the cone, tilted cone, rocket head, brick ͑length͒, and brick ͑width͒ target a single broadside echo has been recorded as the reference. The reference functions ⌬F ref for the PVC tube and steel pipe are computed from synthetic echoes. Thanks to the models proposed in Sec. II C, the timing between the specular echo and the secondary echoes can be estimated with excellent precision. Synthetic echoes for these targets are built simply using the timing and the relative phase shift between the primary and the secondary echoes. Thus, the PVC tube and steel pipe ⌬F ref functions come solely from the notch locations given by analytical models.
The classifier uses a simple nearest neighbor algorithm. Table IV displays confusion matrices for the two signals DC1 and DC6. In both cases the matrices demonstrate that this simple metric provides a good discriminant, but the two pulses do show different results. The pulses focus energy on different frequency bands, and in this experiment, DC6 proves more effective in classifying the full set of targets, but DC1 shows better results in discriminating the cone orientation. Note that there is no misclassification between the resonant shelled targets and the solid concrete brick using DC6, and very little between solid and hollow target using either pulse. We can conclude that information related to the target structure is linked to the inner resonances of the target and that we can gain access to this information through the interference notches. Using several pulses with different frequency bands allows us to focus the classifier on relevant spectral regions for a particular target.
Another point of interest arises from the confusion matrices: the confusion between the two cone aspects is high ͑between 30% and 45%͒, because it is fundamentally the TABLE IV. ͑Top͒ Confusion matrix relative to the DC1 pulse echoes and ͑bottom͒ confusion matrix relative to the DC6 pulse echoes. These matrices have been computed with 40 measurements per target. same target and the change in look angle is small ͑8°͒, so the resonances are expected to be similar. Note that the cone is classified correctly ͑independently of orientation͒ at 82.3% and 83.8% for DC1 and DC6, respectively. For the brick, the change in orientation is 90°, the scattering points are in a totally different configuration and the locations of the notches are significantly shifted. So there is no confusion between these two configurations.
The results can be optimized with fusion algorithms. In our case we use the Dempster-Shafer theory of evidence, 37 with confusion matrices for DC1 and DC6, giving an approximation of the belief functions. The final fusion decision is based on the rule of maximum belief. We run two classifiers, corresponding to pulses DC1 and DC6, for each view of a target. The belief functions are generated from the results of each classifier, given its expected performance estimated from the confusion matrix ͑the probability of correct classification͒. Over both belief functions, the maximum belief is chosen. Table V gives the confusion matrix fusing the results from both pulses. The fused result is better than either classifier independently. While DC1 performs better in classifying the cone, and distinguishing its two aspects, DC6 is better classifying the pipe and tube. The fused classifier takes advantage of the best results of each classifier for each individual target.
A. Influence of the noise
In Secs. II and III, we explained formation of characteristic spectral patterns from interferences between primary and secondary target echoes. The null estimator exploits these interferences for discrimination. Since both primary and secondary echoes are required, the strength of the secondaries is crucial in determining performance of the classifier in noise. Defining SNR as the ratio of the peak of the secondary echoes to the noise level, Fig. 12 displays the ⌬F function for the PVC tube insonified by pulse DC1 against increasing levels of additive Gaussian white noise. With SNR above 15 dB, the notches are well localized across the band. From 15 to Ϫ5 dB, the influence of the noise is apparent, but the frequency band of 80-110 kHz, corresponding to the highest sensitivity of the DBS, remains stable and can be used for classification. At still lower SNR, with noise levels in excess of the peak secondary echoes, the target resonances are masked and the classifier will fail.
VI. CONCLUSIONS
Working from acoustics theory, numerical models, and empirical data, we have shown that the resonances of a shelled object insonified at broadside are stable and consistent, giving rise to characteristic patterns of notches in the echo spectrum. We have identified a spectral range of ka, from 10 to 40, as providing good spectral information for target discrimination, and note that this corresponds well with the frequency capability of natural dolphin sonar and the biomimetic DBS system for a variety of targets of interest in military, offshore, and scientific survey applications. The notch spacings are related directly to timings of multiple echoes from the target and can, in turn, be related to physical scattering and diffraction models so that target dimensions and material properties can be estimated, assuming the sensor characteristics are taken into account. In this paper we have shown that the notch locations provide excellent features for target classification and have introduced an effective distance metric based on these features. 
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APPENDIX: COMPUTATION OF F ؕ
Given the form function f ϱ represented by ͚ n=0 ϱ ͑−1͒ n ⑀ n b n , we show that f ϱ is well approximated by a truncation of the infinite sum so that f ϱ ͑ka͒ Ӎ͚ n=0 N ͑−1͒ n ⑀ n b n with ka Ͻ N / 2. We begin by analyzing the b n term given by Eq. ͑A1͒. 
͑A1͒
Let det͑D͒ = det͑d ij ͒, the numerator in Eq. ͑A1͒. Using a determinant expansion by minor following the columns, we can write
where ⍀ is the set of all the permutations of ͓1,6͔ and i͑͒ is the number of permutation inversions in permutation . So ͉det͑D͉͒ Յ 6!max
The behavior of each column is dominated by a specific Bessel function: the Bessel function of the first kind J n for columns 1, 2, 4, and 6, and the Bessel function of the second kind N n for columns 3 and 5. So we would expect the behavior of ͉͟ j=1 6 d ͑j͒j ͉ to follow the form J n 4 N n 2 .
Given 
͑A4͒
We can see that for z Յ n / 2, ͉J n ͉ → 0. The Bessel function of the second kind can be written as follows: 38 N n = AJ n + BJ n͵ dx xJ n 2 ,
where A and B are constants, so that
It can be shown through a series approximation that J n 2 ͐͑dx / xJ n 2 ͒ = O͑1͒ for z Ͻ n / 2. This implies that the product J n 4 N n 2 can be bounded by A͑ze / 2n͒ 2n . with A as constant. Turning to the denominator in Eq. ͑A1͒, using the same determinant expansion over the columns, the behavior should follow the characteristic ͑J n N n ͒ 3 , which remains roughly constant for z Յ n / 2. Thus, the b n coefficient can be bounded by AЈ͑ze / 2n͒ 2n . We can verify that the function ͚ n=N +ϱ ͑ze / 2n͒ 2n Յ ͚ n=N +ϱ ͑Ne / 4n͒ 2n = r͑N͒ decreases very quickly to 0. For example, with N = 20, we find r͑N͒Ϸ2 ϫ 10 −7 .
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